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Introduction and Motivation



D. Mumford (1966) showed that a principally polarized abelian variety
can be written as an intersection of explicit quadrics in a projective space.
The coefficients of these quadrics are determined by theta constants.




A bit of history - 1870

The Jacobian variety of an algebraic curve is an abelian variety.

In the case of hyperelliptic curves, C. J. Thomae found a formula to
compute the fourth power of theta constants in terms of the geometry of

the curve.
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A bit of history - 1876

In the case of non-hyperelliptic curves of genus 3, H. M. Weber found a
formula to compute the fourth power of the quotients of theta constants
in terms of the geometry of the curve.

Theorie

Abelschen Functionen

vom Geschlecht 3.




Weber's formula

Let C be a non-hyperelliptic curve of genus 3. Let p1, po be even
characteristics, and let /s and ijs be certain bitangents of the curve.

Let 7 be a Riemann matrix of C. Then

the characteristics p;'s are 2 x 3 arrays with 0, 1 entries

(ﬂ[p1](7))4 _ 1 [$1.82.83) (61,812,813 [B12 .52 Ba]-[B1a B3, 53]
19[!’2](7') [523,513-,[312]'[523,53,52]'[53ﬁ13~ﬂ1]'[ﬁ27ﬁ17ﬁ12]

e Link between intrinsic and extrinsic geometry of C.
e Combinatorial structure on the geometry of C.



The Result



How about higher genera?

Let C be a non-hyperelliptic curve of genus g. Let 7 be a Riemann
matrix. Note Jac(C) = C&/Z& + TZ5.

Theorem (heuristical)

The fourth power of quotients of even theta constants can be computed
algebraically in an algorithmic way. (The algorithm is implemented in
Magma.)

INPUT

e Two even theta characteristics.
e The equations of the canonical model of the curve in P&~1.

e The equations of multitangents in P&~1 which are labelled with the
appropriate characteristics.



How about higher genera?

How do we

How do we

obtain the algorithm? generate inputs?




The Algorithm



Characteristics, quadratic forms...

Characteristics

odd ,
Quadratic forms
dot product of the rows of _ 1 onV = Jac(C)[Q]
the characteristic (mod 2) 0 over F
2
even
e V/ is a symplectic vector
space of dimension 2g
equipped with the Weil pairing.
e QV U Vis a vector
space of dimension 2g + 1.
Fixing a symplectic basis {e1,...,eg, fi,...,fg}
gler) ... qle €
(1) )] _[] —.pq ( q
q(f) ... q(fy) €

Note that the Arf invariant a(q) =€ - €.



Quadratic forms, theta characteristic divisors...

Let x be the canonical divisor. We call a divisor (class) D theta
characteristic divisor (class) if 2D ~ k.

TChar
D is odd if £(D) is odd

QV

oD,

Theta characteristic
divisor classes

oD

°q

oqp(v) :==4(D + v)+{(D) (mod 2)

D is even if {(D) is even

Riemann theorem!

a(q) = multe({z | Y[q](z,7)}) = €(Dg) (mod 2).
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Odd theta characteristic divisors, multitangents...

Let ® : C — P81 be the canonical embedding.

Let D be an effective theta characteristic divisor. Then
D~ Pyt 4 Py,

where P; are the pointson C fori=1,..., g — 1.

Since 2D ~ k, there is a hyperplane Hp such that
Hp - ®(C)=2-¢(P1) + -+ 2- P(Pg_1).

We call such a hyperplane multitangent.
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g=3, there are 28 multitangents, namely bitangents

The canonical model of C is a plane quartic.

Example
Trott Curve

N~
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g=4, there are 120 or infinitely many multitangents, namely

tritangents

The canonical model of C is an intersection of a cubic and a quadric
surface in P3.
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g=4, smooth quadric, 120 tritangents

The canonical model is either lying on a smooth quadric:

QuadricSurface = xA2 + yA2 + zA2-3 , CubicSurface =x"2+yA2+2z"2+2%xX*xy*xz-3/2

14



g=4, cone, infinitely many tritangents

Or the canonical model is lying on a singular quadric (cone):
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Correspondence

Char QV
m odd
W even

TChar

odd

multitangents
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The algorithm

Let p1, po be two even theta characteristics.

Consider the Riemann-Roch spaces L(Dp, + «) for i = 1,2. Let
{t,-(l)., e t,.(2g72)} be a basis of sections. Note that t,-(’)’s are given by
G)

family of rational functions (ti‘a)a on an open cover {U,} of C.

Let S be an arbitrary generic effective divisor of degree 2g — 3 on C.

For each i=1,2and k =1,...,2g — 3, we may assume that there is
such that Sy is not a pole of ¢V)

I,

forany j=1,...,2g — 2.

We define x; s as the family of the following rational functions

t(pP) 2P
tD (S1) o t25I(sy) _
Xi,s,a(P) = . ) , 1<i<2
H (S3) o t2E2(S5, )

on U, for all a.
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The algorithm

Xis = (Xi,s,a)a is a section of L(D,, + k) for i =1,2.

Take two odd theta characteristics g1,q; such that
p1+p2=q1+q;.

Write Dg, ~ Ay + -+ Ag_1and Dg, ~ By + -+ + Bg_1.

If we set
S=Ay+ - 4+A 1 +A+ - +A
and
S =M+ +Ag1+ B+ +Bg
then

(_1)a(qo+p1+pz)  9[pa](0)* X1,5(A1)% X2 5/ (A1)?
V[p2](0)* X2,5(A1)% X1 s/ (A1)?

18



A special basis

Consider

{{r,-,?,-}\izl,.‘.,gfl} and {{s;,?;}|i:1,...,g71}

be sets of g — 1 many distinct pairs of odd theta characteristics such that

PL+qr=p2+q =n+T1=-=rg 1+Tg 1
PL+G =p2t+q=s1+51="=5-1+5-1

We denote by /g a (fixed) section £(Dg) for a quadratic form g. We
write \/q(P) = {/q.
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A special basis

(Assume that) we can choose the following expressions

t = /a7 forje {1,....g — 1}, &) = /3,55 for j € {g,.... 28 — 2},

and
tzm =/qs5j forje{l,...,g — 1}, tg) = /G for je{g,...,2g =2}

Warning
Certain choices may fail to be a basis! Note that we have

. <2g—2(2g—1 - 1))

g—1

choices for such candidates.
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Pause: an open question

Fix v € Jac(C)[2].

Can we always find a basis of L(x + v) by the span of £(D)® L(D + v)
when D, D + v run through effective respresentatives of all the odd
divisors?

21



An ambiguity - 2

t(J) VairTjforje{1,..., g -1}, t{j):w/ﬁlsﬁj forje{g,...,28 — 2},
t(J) Vaissi for je{l,...,g —1}, tg):\/alrj?j forje{g,...,2g — 2}

S=A+--FA 1 +A+ -+ A
S’:A2+"'+Ag—1+Bl+"‘+Bg—1
Recall that Dg, ~ Ay + -+ Ag_1 and Dg, ~ By + -+ Bg_1, so that
A/gp=0fori=1,...,g—1

8%/G,=0fori=1...,g—1

(_1)a(qo+p1+pz) C9[pa](0)* x1,5(A1)* X2, (A1)*
I[p2](0)* ~ x2,5(A1)? X157 (A1)? " %



Resolving the ambiguity 0/0

We reset S =Sy + -+ S 1+ A+ + Ag_1.

After some cancelations in the expressions of x1.s(P), x2,s(P), we let
Si=Ajfori=2,...,g—1. And we have that

X1,5(A1) _
X2,5(A1) 1.

Hence

sections of the same
«—— line bundle corresponding to 3x

I[pa](0)* _ Xz.s(A1)
Ip2](0)* — X2, (A1)
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X2,5(P)

Consider G

After some simplifications, we have

B = = A = =
Vv S151 B{/sg_lsg_l vrri A{/ rg—1rg—1

B = = A = =

Xosr(A) | EYS151 o0 Fey/Sp_1S5g ]l e/nr 0 s/ rg_aTg
A1) = — A = = :

X1,s’( 1) t/rlrl B</rg71rg71 5151 A{/Sg,]_sg,]_

B
B = = A = =
&x/nri1 --- Bg—{/rg_lrg_l e%/5151 - Ag—{/Sg_lsg_l
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From sections to functions...

Let {ry,7g} and {sg,Sz} be any other two pairs of quadratic forms
different than any {r;,7;} and {s;,5;} for i =1,...,g — 1 respectively
such that p1 +q1 =rg +7g and p1 +q; = s, +5;

. Now,
BY/515: B /sg_15, AV 3/ re_1F,
_VS151 g—1%¢—1 Vi) _Vie—1lg—1
B3/ 5456 BY/s45¢ M/ reTg R/ reTg
dy s :
Be—/s151 Be—1/s; 15, Ag—3/rF1 Ag—3/rg 1T,
8—Y/5151 g—19g—1 &Y riry g—1lg—1
B, = B, = Ay - Ap_ -
X2,/ (A1) e—3/545¢ s—1/5;5¢ e—3/1gTg e—3/r;Fg
X1,/ (A1) By /7. By /ry_4F Al/o e A/s,_15
) Yt g—1g—1 Y's151 g—15g—1
By /; 7 By /r 7 A = A <
V'rele fglg V/'seSe SgSg
Che : : :
B Yt Bg—3/ry_4F, = Ag—1/s, 5,
_87¥Vnn g—17g—1 £—Ys151 g—15g—1
Bﬁ_*/ IgTg Bg_f/ IgTg /565 Ag_f/ SgSg

— B/ T Bea /P T MG T . A
where di s/ = 8/r;Tg 53/ 1gTg "}/ Sg5g s

thsr = %/555g+ Pe-3/5g5g R/ TgTeg "+ "5~

25



B

Focusing on 2=

Let {sg+1,55+1} be another pair of quadratic forms with
P1 +al = 51 +§1 = 000 = 5g+1 +§g+1.

Observe that s; + 51 + Sg41 + Sg41 = 0. We call such a tetrad a

syzygetic tetrad.

5 S .
! _ syzygetic
. 5g+1 5g+1
syzygetic sg | 34

Since Ds, + Ds, + Ds, ., + Ds,., ~ 2k, it is cut out by a (unique
generically) quadric Pé~1. Call O3, Qg such quadrics corresponding to

s1,51 and sg, 5, respectively.

26






div [ Y= :diV(Q—i>.

<%

\ Sg¢5¢

Hence there is a constant ¢ € C such that

VS151 C - Q_i
= = Os -
AV - g

28



Those constants will be

cancelled out in the

expression.

£l
@ o O
g
{/rg,1?g,1
B.

da s/

= By = e
Sg5¢ Y/ 5e% W

= B = = A
A
g Y/ reTe
— B,_ = = Ag_ =
ng/sls1 o e—1/Sg—15g—1 Ag—Y/rata o e—3/rg—1Tg—1
B, Bg—1/5.5, Ag—3/r.r, Ag—3/rF
o SgSg 4 SgSg g rgrg g fgl’g
X1,s/ (A1) B - s

r
Xz,s' (A1) Em

— B = _ A =
Yty . {/’g—lrg—l Y5151 {/Sg—15g—1

B/ reTe B{/ rgfg A{/sg?g A*/ SgSg

dy s : . o :

B T Bg—3/ry_1T, A S Ag—1/s, 13
e—Ynr: L g—1lg—1 &—Ys151 & g—15g—1

Bg*m Bgfﬁ/ rgTe A{/E Ag’f/ SgSg

d2$5/ = B@... %_@Am_“ Ag_m.

29



By taking the square, we get...

Z s | «4 g
Sy - ZERe) || ) - TENA)
a2 : c : :
Q; le Q; Q'g7
(Xz’SI(Al) i % (Ber) - —& (Bg V| | &A1) - =& (Ag)
X1,s/ (A )) - [o}4 _1) 2 o3 o, 2
- G6) - e[| SA) o S5
a2 o . .
2,5/ : : :
Q1 Qg o3 Q.
q(Bg_1) ( = (Bg 1) jz(Ag—l) (Qzl)(Ag_l)
where

dl,S’: B{/@... Bg,m;\{/ﬁ.” Ag’{/ﬁ,
and

30



Generating Input




'@ g=4, when the curve is lying on a cone

Consider P := {Py, ..., Pg} C IP? eight points in general position. Let

e {s,t} be any basis of the space of plane cubics through P,
o {s? st, t?, w} be a basis of the space of plane sextics vanishing doubly on P,
o {352t st?, 3, sw, tw, r} be a basis of the space of plane nonics vanishing triply on P.

(2
P m== s »P(1:1:2:3) 2 X :=(P?) del Pezzo surface of degree 1
(s:t:w:r)
7
(s:t:w)

P(1:1:2) D (' := BranchCurve(r|x)

a=]
@

U

aQ
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Tritangents of C

Every tritangent of C is the image of exactly two exceptional curves on
the del Pezzo surface X under ¢ o 7, which are conjugate under the
Bertini involution of X.

e the point P; and the sextic vanishing triply at P; and doubly at the
other seven points.

e the line through {P;, P;} and the quintic vanishing at all eight points
and doubly at the six points in P\{P;, P;}.

32



Tritangents

e the conic through P\ {P;, P;, Pc} and the quartic vanishing at P
and doubly at P;, P;, Px.

P\ {P;.P;, P}

e the cubic vanishing doubly at P;, non-vanishing at P;, and vanishing
simply at P\{P;, P;} and the cubic vanishing doubly at P},
non-vanishing at P;, and vanishing simply at P\{P;, P;}.

i

<
e
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An example

Consider the configuration P = {Pi,..., Pg} C P?(Q) of the following 8
points:

P; =(2:-3:1), Ps =(1/2:0:1) P, =(3/2:1:1), Ps =(2/3:2/3:1)
P3=(0:-3/2:1), P;=(-3:2:1) Py=(3/2:3/2:1), Pg=(1/3:1:1)

The defining equations of C are

g+ / Gx1 + 1566969101 14942903184 479919156003
++211700448479418431107937289647, 1104397574 1x; + 991004 1635818134607 /7644191553143152721874434433600x:3

5 267706689931 7600% 2 + 923684 1128153/
~29830449072973532706572819/236073482 Gxs — 101152653787 1310551

6600171 /5431198098508210008891785665072800x0x2 3 — 331 433/1755775247 1589675x %3

11621 00491311/171505166621781476058560600557076640050]
012473543277 /79838612048070667 1 2 — 22601 49/11280237810047811 1780447660800,

+1 050068732631 /534307 014
= xon
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An example

We can compute the list of the equations of tritangents:

Xo + 4073720176917559726/1133376368146185855x; + 327453011960962204578454 /24157917287035951499325x, — 112735162688749958708129581/1373136018595123483221633x3,
Xo + 350578164144253479/46203319572275680x; + 18637999053114537307081,/2363577016039334686080x; + 131316444954786724427554199/3358642939791894588919680x3,
Xo + 211479792266371 /21 +131 4501981871,/70690406521 X, — 575772344090 149/33483689222246761770720x3,

Xo + 17373590988118142/4158176266996215x; + 214542061297728791377/17726305426204864545x, — 1510026721794434231897344 /25189080010637112518445x3,
Xo + 4864890585953831,/378366090117870x; — 512579666106105329/131671399361018760x, + 18527122874371793828509,/80187882210860424840x3,

Xo + 149286535172373/30708550083235x; + 964354660076388445/89767233603312552x, — 7710930391228068766751/212598731583845227320x3,

X + 600953315525715/190786792110254x, + 279475735717785218413/19519778274384307248x, — 4469565218503206087488519,/46229341546500167665680x3,

xo + 24850715371714303/5696394486025210x; + 3820203557552276572807/291404756327105642760x, — 786876715268942791133399,/12548065416388397526120x3,
Xo + 903225497 /369556365x; + 199224827801747 /12603350271960x, — 6542142470614222261/53728082209365480x3,

X+ 1 /307910162x; + 3987,/15751452247272x, — 2527971 /37304689:

Xo + 3227297803/826483812x; + 90490251893963/7046600981112x, — 14336323894698807 /202287272609296x3,

Xo + 57335427860129,/11475325450080x; + 679202562690930247 /65225749858254720x, — 25978847750809076598431/834172114937219614080x3,

Xo + 6322191013177/3814460277285x; + 935124327549320243 /650441 20x; — 1/ 9060962740x3,

x1 — 12646609161011223 /21350501266145380x; + 3321248368938556955,/130959981147593892x3,

Xo + 5122998713 /662005752x; + 96913679546351/11288522083104x; + 8883742040081694071/240614848201361760x3,

xo + 1935440839217 /237125656815x; + 36305614923105853 /4043466700009380x; + 264987832094981182319/5745766180713328980x3,

Xo + 3663575555203 /986415103560x1 + 226684261333339967/1 120; 20989811814 /2655746426836797280x3,

Xo — 1152767551702/459889427085x; + 7025018642918134/280072661094765x, — 1161242235470603367 /4020032842582435x3,

xo + 19960603357 /5537568230x; -+ 20324578773181561/1537804847743920x, — 174334477334169059389,/2185220688644110320x3,

Xo + 12997908343344,/3072843440995x; + 1182489526791012001/ 165840x; — 841501 )1/127641 40x3,

Xo + 27526310486771/6714783636045x; + 31005944979969511/2336744705343660x, — 32920978436860027141/474359175184762980x3,

Xo + 601775140562/121781832033x; + 76094874659365,/5967309769617x, — 210266083788915836,/4385972680668495x3,

Xo + 12989495751/ + 1 49,/ '0088484352x, — 4778774631566269/58847559697920x3 ,

Xo +236687709629,/45883182720x; + 755791/434666684300800x; — 8883742040081694071,/222358089020917248x3,

Xo + 240885426739/27411960735x; + 332713529569297 /80591164560900x; + 4778774631566269,/52652894179788x3,

Xo + 1496363111081/538417805370x, + 276048316628067587 /18362200834338480x, — 2853783855704112955151/26092687385594980080x3,
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Labelling based on an Aronhold basis

Let p: Pic(X) — Pic(C) be the natural restriction map. Let Eq, ..., Es
be the exceptional divisors corresponding to the points Ps, ..., Pg.

e Let kx be the canonical divisor of X. Then p(—kx) is an even theta
characteristic divisor.

Set vi = p(kx + E;) for i=1,...,8 and go = q,(—k,)- Fori=1,...,8,

define
8
qi = qo + Z Vi,
j=Lj#i
then
{q17"'7q9}

is an Aronhold basis for Q(Jac(C)[2]) U Jac(C)[2].

36



This means...

G1s---5q9 +— {i} < even
qi + q; + qx — {i,J, k} <— odd
g, +-+¢q, <+<— {in,...,i5} <— even
g, +---+q, <+— {i,...,ir} <+— odd
gi+--+q <+— {1,...,9} <+— even

By that way, we can find all the corresponding theta characteristic
divisors and label them.
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© X P2
Dijjk 2L— > E conic vanishing simply at P\{P;, P;, Px}.
I#i.j,k
4L— > E— Y 2E quartic vanishing at P and
I#i.j,k 1e{ij,k}
doubly at P;, Pj, [P
Dijo 3L-2E;— ) E cubic vanishing doubly at P;, non-vanishing at P;,

KAi.j

and vanishing simply at P\{P;, P;}

3L-2E- Y E
k#i.j

cubic vanishing doubly at P;, non-vanishing at P;,

and vanishing simply at P\{P;, P;}
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@ X ]P>2
)/ Eifori#iy,...,ig,i7 point P,
8
6L — > 2E; —3E; sextic vanishing triply at P; and
J#i
doubly at the other seven points
iy ...ig® L-E—E line through {P;, Pj}

8
= A= F=15
k€l

quintic vanishing at all eight points and

doubly at the six points in P\{P;, P;}
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Test




Going back to our example

Recall that

P; =(2:-3:1), Ps =(1/2:0:1), P>=(3/2:1:1), Pe =(2/3:2/3:1),
P3; =(0:-3/2:1), P;=(-3:2:1), Ps=(3/2:3/2:1), Pg=(1/3:1:1).

Let p1 = {1,2,3,4,5} and p, = {3,4,5,6,9}, then

4
(g{m} ) = 388285435266921829,/1618395584522100000
P2

~ 0.23991997937981249939310257909531044756875610414688.
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Computing a Riemann matrix 7

[ 1.07847/ —0.19708/ 0.30983  0.50267/ |
—0.19708/  1.16996/  0.05607  0.24922j
0.30983  0.05607  1.23052i —0.16325

| 0.50267i  0.24922i  —0.16325 1.42766i

9 4
( 19{21} ) ~ 0.23991997937981249939310257909595601233140655714802+
2

3.715929853910080160263726032046764685890634691202 x 103/
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